We study phenomenological predictions in the scenario with the quasi-degenerate relation among neutrino Dirac masses, m D1 ≃ m D2 < m D3 , assuming the bi-maximal mixing at the grand unification scale in supersymmetric standard models with right-handed neutrinos. A sufficient lepton number asymmetry can be produced for successful leptogenesis. The lepton flavor violating process µ → eγ can be enhanced due to the Majorana phase, so that it can be detectable at forthcoming experiments. The processes τ → eγ and τ → µγ are suppressed because of the structure of neutrino Dirac masses, and their branching ratios are smaller than that of µ → eγ.
INTRODUCTION
Neutrinos can be useful as a probe of physics at high energies such as grand unified theories (GUT). Supersymmetry (SUSY) may be introduced to avoid problems due to large hierarchy between the weak scale and the GUT scale. Tiny neutrino masses and observed mixing angles may be explained by assuming the existence of right-handed neutrinos with large Majorana masses [1] . They are determined from the high energy structure of the model by using renormalization group equations (RGEs). The resulting mass spectrum and mixing angles depend on the Majorana mass matrix of right-handed neutrinos and the neutrino Yukawa interaction. It would be possible to consider phenomenology of the model by putting additional assumptions in the high-energy structure of neutrino sector.
In this paper, we consider the minimal supersymmetric standard model with right-handed neutrinos (MSSMRN), in which the bi-maximal solution for the Pontecorvo-Maki-NakagawaSakata (PMNS) matrix [2] is assumed to be realized at the GUT scale. This solution is predicted in several GUT models [3] . In the model with the bi-maximal mixing solution, the 1-3 element of the PMNS matrix is zero at the GUT scale, while there are two Majorana CP phases [4] . A non-zero value of the 1-3 element with the CP violating Dirac phase can be induced at the low energy through RGEs [5, 6] . The observed value θ ⊙ (tan 2 θ ⊙ ≃ 0.4 [7, 8, 9]) for the solar neutrino angle at low energy is clearly different from the maximal mixing π/4
at the GUT scale. This difference can be explained by taking into account the running effect due to the neutrino Yukawa couplings between the two scales [5, 6, 10, 11] . When masses of neutrinos corresponding to the solar neutrino data are relatively larger such as 0.05eV, the running effect becomes significant so that the value of θ ⊙ can be reproduced at the low energy scale [6, 10] . On the other hand, when the mass scale of neutrino is larger than 0.15eV, the atmospheric neutrino mixing angle is so instable that the bi-maximal mixing model cannot explain the experimental result of atmospheric neutrino oscillation [6, 10] . Therefore, we here consider the case in which masses of neutrinos are in the range between 0.05eV and 0.15eV. Then the solar neutrino data prefer two cases for the pattern of the eigenvalues of the neutrino Dirac mass matrix; (i) hierarchical case (m D1 < m D2 < m D3 ) and (ii) quasidegenerate case (m D1 ≃ m D2 < m D3 ). The case (i) has been studied in Ref. [12] , and it has been found that lepton flavor violating processes are not significant. In the present paper, we study the case (ii) and investigate its low energy phenomenology.
We shall show that our scenario is compatible with the low energy neutrino data, and that sufficient amount of lepton number asymmetry can be produced for successful leptogenesis [13, 14, 15, 16, 17] . Furthermore, we find that the lepton flavor violating process µ → eγ can be enhanced by the Majorana phase effect to be as large as the experimental reach at MEG [18] . We also find that the branching ratios of τ → eγ and τ → µγ are smaller than that of µ → eγ. These are striking features of the quasi-degenerate scenario.
In Sec.2, the quasi-degenerate scenario with the bi-maximal mixing solution is defined in the MSSMRN. In Sec.3, we discuss phenomenological results of our scenario, especially on leptogenesis and lepton flavor violation. Comments and conclusions are given in Sec.4.
Some derivations are given in Appendices.
THE QUASI-DEGENERATE SCENARIO
We consider the neutrino Yukawa couplings in the quasi-degenerate scenario in the MSSMRN. The Lagrangian relevant to right-handed neutrinos is given by
where N R is the right-handed neutrino with the 3 × 3 Majorana mass matrix M R , ν L is the left-handed neutrino, φ 
where the vacuum expectation values φ 0 u and φ
GeV and tan β = φ 0 u / φ 0 d . Let us consider the neutrino mass matrix at the GUT scale, M X , which is much higher than that of the Majorana masses of right-handed neutrinos. We take the basis such that the mass matrix of right-handed neutrinos is diagonal as
where M i are real positive eigenvalues (M 1 ≤ M 2 ≤ M 3 ), and that the mass matrix of the charged leptons is also diagonal. The neutrino Dirac mass matrix m D is diagonalized as
where
, and V R and V L are unitary matrices. As an important assumption of our model, we suppose that the neutrino mass matrix satisfies the bi-maximal mixing solution at M X ; i.e.,
where O B is given by
and D ν is a diagonal matrix,
with α 0 and β 0 being the Majorana phases and m i being real positive [4] .
It is known that when the scale of neutrino masses are so large as 0.05eV < m 1 ∼ m 2 ≡ m, the running effect on the neutrino mass matrix between the weak scale m Z and M X becomes large due to the neutrino Yukawa interaction [6, 10, 19] . The 1-3 element V 13 of the PMNS matrix is also induced at the low energy scale, which is found to be proportional to m 1 m 3 [6] .
The element |V 13 | can be sizable when both m 1 and m 3 are sufficiently large 1 . In order to reproduce the solar neutrino data from the bi-maximal solution at M X with Y † ν Y ν to be diagonal, there are two possibilities for the pattern of the neutrino Dirac masses, i.e., hierarchical case m D1 < m D2 < m D3 and quasi-degenerate case m D1 ≃ m D2 < m D3 with
The detailed discussion appears in Appendix A. In this paper, we concentrate on the latter case, namely the quasi-degenerate case. The hierarchical case has been studied in Ref. [12] .
1 There is also a chance to appear large running effect in the case where the neutrino mass spectrum is inverse hierarchical, i.e., m 3 ≪ m 1 < m 2 . In this case, different prediction for the 1-3 element of the PMNS matrix is obtained at the low energy scale.
From Eqs. (2), (3), and (4), we obtain
The unitary matrix V R as well as the eigenvalues M i are obtained by diagonalizing M
−1
R . Consequently, we find
As seen in Eq. (9), some off-diagonal elements of V R are of order one. This is the striking feature of the quasi-degenerate case in contrast with the hierarchical case in which V R is approximately the unit matrix [12] . For the masses of the right-handed neutrinos, we obtain
The derivation of Eqs. (9) and (11) is shown in Appendix B.
THE PHENOMENOLOGY
In this section, phenomenological consequences of our scenario are studied. The parameters of the neutrino sector at M X are related to the low energy observables by the RGEs (see Appendix A). They are constrained from the data of solar and atmospheric neutrino experiments. We here take the values ∆m [9] , and ∆m 2 atm ≡ 2.5 × 10 −3 eV 2 and sin 2 2θ atm ≡ 1.0 as the atmospheric neutrino results [20] . Throughout this paper, M X is assumed to be 2 × 10 16 GeV.
In the following, after the discussion on basic properties, we examine the consistency with leptogenesis, and predict lepton flavor violation (LFV). The experimental value θ ⊙ can be reproduced in our scenario with the bi-maximal solution at M X . As we take the degenerate mass of neutrinos, the running effect on the solar neutrino angle can be large between M X and m Z . On the other hand, the angle θ atm can be explained by assuming the masses of neutrinos are less than 0.15 eV so that the running effect is small [6, 10] . In our scenario, the running effects on the neutrino mass matrix, which are parametrized by ǫ e and ǫ τ , can be expressed as
where M R is the typical mass scale for right-handed neutrinos and m τ is the mass of the tau lepton: see Appendix A. From Eqs. (12) and (A.4) with the experimental data for angles and mass differences, we obtain the relation among α 0 , m D1 and r. In Fig. 1-(a) , we show the ratio r as a function of m D1 for each value of α 0 in the case of m = 0.1 eV and tan β = 5.
We find that r is insensitive to α 0 . In Fig. 1-( 
A. Leptogenesis
In models with the heavy Majorana neutrinos, it is possible to consider leptogenesis [13] in order to explain a baryon asymmetry of the universe. In leptogenesis, the out of equilibrium decays of heavy Majorana neutrinos produce a lepton number asymmetry which is converted to the baryon number asymmetry through the sphaleron processes. It is known that leptogenesis is successful to explain the baryon number of the universe when m 3 < 0.15eV and 14] , and mass parameters of our model can be in this allowed range. On the other hand, a constraint from gravitino overproduction can be a serious problem for our model. In order to allow the reheating temperature T R > 10 12 GeV which is required for case M 1 > 10 12 GeV, the gravitino mass should be heavier than 10TeV [21] 2 .
The lepton number asymmetry is produced in the decay of heavy Majorana neutrinos, which can be expressed as [13] 
where f (x) is given in the MSSMRN as
In our scenario, (Y ν Y † ν ) ij are calculated at the leading order as
. The asymmetry ǫ 3 is negligibly smaller than ǫ 1,2 because of
3 In the same reason, the elements including (Y ν Y † ν ) 12, 21 are dominant in 2 In various SUSY models such as the minimal supergravity model, the gravitino mass are related to the soft SUSY parameters. In our paper, we don't touch origin of soft SUSY breaking terms and we can take the gravitino mass as an independent parameter [22] , though assume the universal soft SUSY parameters. 3 In the limit of x → 1, there is an enhancement effect in the lepton number asymmetry [15, 16] . The enhancement is smeared by the following two reasons; i.e., (i) the effect of the decay width for N i and (ii) the effect of the small mass difference between M 1 and M 2 ∼ O(∆m In leptogenesis, the baryon number asymmetry η B 0 of the Universe is explained by using the lepton number asymmetry [17] ;
. The numerical result of η B 0 is given in Fig. 2 . The experimental value η B 0 ∼ 6.5 × 10 −10 [23] can be realized in our scenario.
B. LFV processes
In the MSSMRN, the slepton mixing can be a source of LFV [24, 25] . Assuming the universal soft-breaking parameters at M X , mixing among left-handed sleptons is induced by the renormalization group effects due to neutrino Yukawa couplings between M X and M R , even when there is no mixing at M X . The induced off-diagonal elements of the slepton mass matrix are approximately expressed as [24, 25] (m
where m 0 and A 0 are the universal SUSY breaking parameters, and
These off-diagonal elements contribute to LFV processes such as ℓ i → ℓ j γ (i = j). The decay widths are given by
where α is the fine structure constant, and m S denotes the typical mass scale of SUSY particles. In the case of universal soft terms, m S is approximately evaluated in Ref. [26] .
Let us consider Eq. (17) in our scenario. We can express Ω as
where the second term of RHS in Eq. (20) corresponds to the threshold effect of right-handed neutrinos. It has been often considered the case in which the first term gives dominant contributions to ℓ i → ℓ j γ processes. However, Y † ν Y ν is diagonal at M X so that the first term does not contribute to LFV. Therefore, remaining sources for LFV are in the second term of Eq. (20) . The off-diagonal elements of (Y † ν ΩY ν ) ij (i = j) are found to be
The branching ratio of τ → µγ is found to be smaller than those of µ → eγ and τ → eγ by a factor of r. All the processes ℓ i → ℓ j γ are maximally suppressed for | cos(α 0 /2)| → 1
, we have the relation among the branching ratios of the LFV processes as
where Eqs. (19), (21) and (22) are used. In Fig. 3 , we show Br(µ → eγ) as a function of | cos(α 0 /2)|. We find that the value can reach 10 −12 for the smallest value of | cos(α 0 /2)| under cos 2θ ⊙ ≤ | cos(α 0 /2)| ≤ 1 and for m D1 50 GeV. In the case of quasi-degenerate light neutrinos, it is known that the lepton flavor violation processes are strongly suppressed with trivial right-handed mixings,i.e. the degenerate heavy neutrino mass spectrum and real mixings among right-handed neutrinos [25] . However, Pascoli et al. showed the possibility of enhancement of the lepton flavor violation processes due to the existence of new CP phases in right-handed mixing even for the case where both light and heavy neutrinos are quasidegenerate [27] . In our model, we don't introduce any CP phases other than α and β, but the lepton flavor violation processes are nevertheless enhanced because of the threshold effects of heavy neutrinos. Therefore we expect that current [18] and future experiments can test our scenario through the LFV measurement for µ → eγ. As compared to the hierarchical case, larger branching ratios for the LFV processes can be obtained in the quasi-degenerate case because of the mixing among right-handed neutrinos. In Fig. 4 , we show the ratio of
In a wide range of the parameter space, Br(τ → µγ) is smaller than Br(µ → eγ). This is a striking feature of our scenario.
CONCLUSION
We have studied the quasi-degenerate scenario in the model in which the bi-maximal mixing solution is realized at M X in the MSSMRN. By using the low energy neutrino data, we have shown that our result is consistent with the WMAP data assuming leptogenesis.
Furthermore, it has been found that the LFV process µ → eγ can be large enough to be detected at forthcoming experiments such as MEG. We also have found that the branching ratios of τ → eγ and τ → µγ are smaller than that of µ → eγ. The prediction of sizable LFV processes is a discriminative feature of the quasi-degenerate scenario as compared to the hierarchical one.
It should be noted that our results strongly depend on the Majorana phases α 0 and β 0 . In particular, the processes ℓ i → ℓ j γ become more enhanced for smaller values of GeV.
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APPENDIX A: RGE ANALYSIS
The RGE for the neutrino mass matrix is given by at the scale between M X and the typical mass scale of right-handed neutrinos M R aside from the terms proportional to the unit matrix [28] . In the region below M R , we use Eq. (A.1) but without the terms for Y † ν Y ν . The Yukawa matrix for charged leptons is given by Y e ≃ diag(0, 0, y τ ) with y τ = √ 2m τ /(v cos β). We concentrate on the case where
3 ) for simplicity. We neglect the case in which the 2-3 element may affect on the physics as discussed in Ref. [29] . The solution of Eq. (A.1) can be expressed as [6, 19] 
where K = diag(ǫ e , 0, ǫ τ ). The ǫ e and ǫ τ are given by [12] ǫ e = y 
The experimental value θ ⊙ can be reproduced from the bi-maximal mixing solution at M X by the running effects. The solar mixing angle θ ⊙ is given in terms of ǫ e,τ , α 0 and m 1 by tan 2 θ ⊙ = 1 + 2(ǫ τ − 2ǫ e ) cos 2 (α 0 /2)(m 6) which correspond that V L in Eq. (3) is given by P ex in Eq. (7). This matrix can be diagonalized by using the unitary matrix 2) where ζ is defined in Eq. (10) . Consequently, we obtain The explicit form is shown in Eq. (9), and those for M i are given in Eq. (11) .
